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We demonstrate the realization of topological band structures by exploiting the intrinsic spin-orbit coupling of
dipolar interactions in combination with broken time-reversal symmetry. The system is based on polar molecules
trapped in a deep optical lattice, where the dynamics of rotational excitations follows a hopping Hamiltonian
which is determined by the dipolar exchange interactions. We find topological bands with Chern number C = 2
on the square lattice, while a very rich structure of different topological bands appears on the honeycomb lattice.
We show that the system is robust against missing molecules. For certain parameters we obtain flat bands,
providing a promising candidate for the realization of hard-core bosonic fractional Chern insulators.
DOI: 10.1103/PhysRevA.91.053617 PACS number(s): 67.85.−d, 05.30.Jp, 37.10.Jk, 73.43.Cd
I. INTRODUCTION
The quest for the realization of different topological states
of matter marks one of the major challenges in quantum many-
body physics. A well-established concept for the generation of
two-dimensional topologically ordered states exhibiting any-
onic excitations are flat bands characterized by a topological
invariant in combination with strong interactions [1,2]. The
prime example is the fractional quantum Hall effect, where
strong magnetic fields generate Landau levels [3]. Further-
more, lattice models without Landau levels have been proposed
for the realization of topological bands [4–21]. Notably, spin-
orbit coupling has emerged as an experimentally promising
tool for band structures with topological invariants [22–27].
Here, we show that dipolar interactions, exhibiting intrinsic
spin-orbit coupling, can be exploited for the realization of
topological bands with cold polar molecules.
In cold gases experiments, the phenomenon that dipolar
interactions exhibit spin-orbit coupling is at the heart of
demagnetization cooling [28–31] and has been identified as the
driving mechanism for the Einstein–de Haas effect in Bose-
Einstein condensates [32] and the pattern formation in spinor
condensates [33–35]. Dipolar relaxation was proposed as a
mechanism to reach the quantum Hall regime by the controlled
insertion of orbital angular momentum [36]. Recently, it has
been pointed out that dipolar spin-orbit coupling can be
observed in band structures realized with polar molecules [37].
These ideas are motivated by the experimental success in
cooling and trapping polar molecules in optical lattices [38,39].
Here we show that a system of polar molecules gives
rise to topological band structures, exploiting the spin-orbit
coupling of dipolar interactions in combination with a term
that breaks time-reversal symmetry. The main idea is based
on polar molecules trapped in a two-dimensional deep optical
lattice with quenched tunneling between the sites. The relevant
degree of freedom of the polar molecules is given by
two different rotational excitations which can be transferred
between different lattice sites due to the dipolar exchange
*Corresponding author: peter@itp3.uni-stuttgart.de
interaction. We demonstrate that the band structure for such an
excitation is characterized by a Chern number which depends
on the underlying lattice structure. In particular, we find that the
system on a square lattice gives rise to Chern number C = 2,
while a rich phase diagram appears on the honeycomb lattice.
Ideally, the setup is initialized with one polar molecule per
lattice site, but we demonstrate that the topological properties
are robust, even if nearly half of the molecules are randomly
removed. In contrast to noninteracting fermions, free bosons
cannot form a topological insulator. However, the bosonic
excitations in our system are subject to a hard-core constraint.
Such a setup in combination with flat bands is then expected to
give rise to a fractional Chern insulator at 2/3 filling in C = 2
topological bands [8,10,40,41].
The main advantages of our realization, using the spin-orbit
coupling present in dipolar interactions, are its robustness and
the low experimental requirements, while many alternative
theoretical proposals with cold gases require strong spatially
inhomogeneous laser fields with variations on the scale of one
lattice constant [16,42–47]; by using such ideas in combination
with dipolar exchange interactions, it is also possible to
engineer flat C = 2 bands [41]. We point out that our proposal
can also be applied to Rydberg atoms in similar setups [48–50].
II. SETUP
We consider a two-dimensional system of ultracold polar
molecules in a deep optical lattice with one molecule pinned at
each lattice site, as shown in Fig. 1(a). The remaining degree
of freedom is given by the internal rotational excitations of the
molecules with the Hamiltonian
H roti = BJ2i − di · E . (1)
Here, B is the rotational splitting, Ji is the angular momentum
of the ith molecule, and di is its dipole moment which is
coupled to the applied static and microwave electric fields E =
Es + Eac(t). In the absence of external fields, the eigenstates
|J,m〉 of H roti are conveniently labeled by the total angular
momentum J and its projection m. Applying a static electric
field mixes states with different J . The projection m, however,
can still be used to characterize the states. In the following, we
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FIG. 1. (Color online) (a) Setup: Each lattice site of a two-
dimensional optical lattice is occupied by a single polar molecule.
The molecules can be excited into two different rotational states.
Dipole-dipole interactions induce long-range tunneling links for the
excitations. (b) Rotational level structure of each molecule with
applied electric field and additional microwave field with Rabi
frequency  and detuning .
focus on the lowest state |0〉 withm = 0 and the two degenerate
excited states |±〉 with m = ±1; see Fig. 1(b). The first excited
m = 0 state, called |1〉, will be used later.
The full system, including pairwise dipole-dipole inter-
actions between the polar molecules, is described by H =∑
i H
rot
i + 12
∑
i =j H
dd
ij . In the two-dimensional setup with the
electric field perpendicular to the lattice, the interaction can be
expressed as
H ddij =
κ
|Rij |3
[
d0i d
0
j +
1
2
(d+i d−j + d−i d+j )
− 3
2
(d−i d−j e2iφij + d+i d+j e−2iφij )
]
(2)
with κ = 1/4π0. Here, φij denotes the in-plane polar angle
of the vector Rij ≡ |Rij |(cos φij , sin φij )t which connects the
two molecules at lattice sites i and j , and the operators d0 = dz
and d± = ∓(dx ± idy)/√2 are the spherical components of
the dipole operator. The intrinsic spin-orbit coupling is visible
in the second line in Eq. (2), where a change in internal angular
momentum by ±2 is associated with a change in orbital angular
momentum encoded in the phase factor e∓2iφij .
For molecules with a permanent dipole moment d in an
optical lattice with spacing a, the characteristic interaction
energy V = κd2/a3 is much weaker than the rotational
splitting B. For strong electric fields, the energy separation
between the states |±〉i and |1〉i is also much larger than
the interaction energy. Then the number of |±〉 excitations is
conserved. This allows us to map the Hamiltonian to a bosonic
model: The lowest energy state with all molecules in the |0〉
state is the vacuum state, while excitations of a polar molecule
into the state |±〉i are described by hard-core boson operators
b
†
i,± = |±〉i〈0|i . Note that these effective bosonic particles have
a spin angular momentum of m = ±1.
A crucial aspect for the generation of topological bands
with a nonzero Chern number is the breaking of time-reversal
symmetry. In our setup, this is achieved by coupling the state
|+〉i to the rotational state |m = 2〉i with an off-resonant
microwave field;1 see Fig. 1(b). This coupling lifts the
1The coupling of the |−〉 state to the third m = 0 state can be
neglected due to a large detuning from the difference in Stark shifts
between m = 0 and m = 2.
degeneracy between the two excitations |±〉i and provides
an energy splitting denoted by 2μ.
III. TOPOLOGICAL BAND STRUCTURE
The dipole-dipole interaction gives rise to an effective hop-
ping Hamiltonian for the bosonic particles due to the dipolar
exchange terms: d+i d
−
j , for example, leads to a (long-range)
tunneling b†i,+bj,+ for the + bosons while the term d−i d−j e2iφij
generates spin-flip tunneling processes b†i,−bj,+ e2iφij with a
phase that depends on the direction of tunneling. For the
study of the single-particle band structure we can drop the
term proportional to d0d0 which describes a static dipolar
interaction between the bosons. The interaction Hamiltonian
reduces to
H dd =
∑
i =j
a3
|Rij |3 ψ
†
i
( −t+ w e−2iφij
w e2iφij −t−
)
ψj , (3)
where we use the spinor notation ψ†j = (b†j,+,b†j,−). The energy
scale of the hopping rates t+, t−, and w is given by V . The
precise form depends on the microscopic parameters and is de-
tailed in the Appendix. Note that t+ = t− without the applied
microwave. In momentum space with ψk = 1√Ns
∑
j ψj e
ik·Rj
,
including the internal energy H roti of the excitations |±〉i , the
Hamiltonian can be rewritten as
H =
∑
k
ψ
†
k
(
n
0
k 1+ nk · σ
)
ψk, (4)
where it is useful to express the traceless part of the
Hamiltonian as the product of a three-dimensional real vector
nk and the vector of Pauli matrices σ [25,51]. The real vector
characterizes the spin-orbit coupling terms and takes the form
nk =
⎛
⎜⎝
w Re 2k
w Im 2k
μ + t 0k
⎞
⎟⎠ (5)
with t = (t− − t+)/2 > 0. The spin-independent hopping is
determined by n0k = −¯t 0k with ¯t = (t+ + t−)/2. We have
introduced the dipolar dispersion relation [37,52]
mk =
∑
j =0
a3
|Rj |3 e
ik·Rj+imφj . (6)
The precise determination of this function can be achieved
by an Ewald summation technique providing a nonana-
lytic low-momentum behavior 0k ≈ 0	 − 2π |k|a and 2k ≈
− 2π3 |k|a e2iϕ . Here, 0	 ≈ 9.03 and ϕ is defined by ˆk =(cos ϕ, sin ϕ)t .
In the presence of time-reversal symmetry, represented
by T = σxK with K being complex conjugation, the system
reduces to the one discussed in Ref. [37]. At the T -invariant
point, i.e., t = μ = 0, the two energy bands of the system
exhibit a band touching at the high-symmetry points 	 = (0,0)
and M = (π/a,π/a) where 2k vanishes; see Fig. 2(a).
The touching at the 	 point is linear due to the low-
momentum behavior of mk . Note that each of the touching
points splits into two Dirac points if the square lattice is
stretched into a rectangular lattice.
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FIG. 2. (Color online) (a) Dispersion relation for the |+〉 and
|−〉 states on the square lattice. The dashed line shows the time-
reversal invariant point t = μ = 0 with band touching at the 	 and
M point. The solid line shows the gapped topological bands in
the time-reversal-broken system for w/¯t = 3,μ = 0, and t/¯t = 0.4.
(b) Dispersion relation for the |+〉 and |1〉 states for electric field
angles0 = 0 (dashed) and0 = π/4 (solid), respectively. The latter
has a lower band with flatness f ≈ 1.
Breaking of time-reversal symmetry by the microwave field
leads to an opening of a gap between the two bands. The
dispersion relation is given by
E±(k) = −¯t 0k ±
√
w2
∣∣2k∣∣2 + (μ + t 0k)2 (7)
and shown in Fig. 2(a). It is gapped whenever the vector nk =
0. The first two components can only vanish at the 	 or M
point. Consequently, the gap closes if and only if (iff) the third
component is zero at one of these two points, that is, for
μ/t = −0	 ≈ −9.03,
μ/t = −0M = (1 − 1/
√
2)0	 ≈ +2.65. (8)
In the gapped system, the Chern number [24,25] can be
calculated as the winding number of the normalized vector
nˆk = nk/|nk| via 2
C = 1
4π
∫
BZ
d2k
(
∂kx nˆk × ∂ky nˆk
) · nˆk . (9)
We find that the Chern number of the lower band is C = 2
for −0	 < μ/t < −0M, and zero outside this range. Note that
the nontrivial topology solely results from dipolar spin-orbit
coupling and time-reversal symmetry breaking.
The challenge is to find a specific setup that optimizes the
flatness of the topological bands. This can be achieved either
by focusing on different lattice structures [see honeycomb
lattice below and Fig. 3(b)] or by an alternative choice
for the two excitations. The latter is less intuitive when
trying to understand the spin-orbit coupling, but gives rise
to significantly flatter bands: Instead of considering |+〉 and
|−〉, we choose a model including the |+〉 and |1〉 states. This
is possible for weak electric fields, if the |−〉 state is shifted by
2We remark that we need to truncate the summation in the expression
for mk to perform the calculation of the Chern number. We can check,
however, that the remaining terms are not strong enough to close a
gap. Conversely, note that the cutoff radius has to be larger than
√
2a,
as the next-to-nearest neighbor terms are crucial for the C = 2 phase
and may not be neglected.
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FIG. 3. (Color online) (a) Sample-averaged Chern number 〈C〉
in the disordered system for increasing density ρ of defects. A
single realization either yields C = 2 or C = 0. Bars indicate two
standard errors. The results are shown for square lattices of size
L × L with L = 10,20,40. The long-range tunneling stabilizes the
topological phase for defect densities ρ  0.45. (b) Two-dimensional
projection of the dispersion relation in the honeycomb lattice for
t/¯t = 0.54,w/¯t = 1.97 and μ/¯t = −4.54. The lowest band has
a flatness ratio of f ≈ 6.4 and a Chern number of C = −1.
(c) Topological phase diagram in the honeycomb lattice for t/¯t =
0.54. The labels give the Chern numbers of the four bands (bar
indicates negative number) from bottom to top while the solid lines
correspond to touching points between two bands. The color indicates
the flatness f of the lowest band. The arrow shows the parameters of
the flat-band model in panel (b).
a microwave field, or by exploiting the coupling between the
nuclear spins of the polar molecules and the rotational degree
of freedom [39,53]. This model intrinsically breaks time-
reversal symmetry and has the advantage that the |+〉 and |1〉
states have different signs for the tunneling strength, making
the T -breaking parameter t = (t+ − t1)/2 large compared to
¯t = (t+ + t1)/2. For an electric field direction perpendicular
to the lattice, this system is gapless. Opening the gap is
achieved by rotating the electric field away from the z axis
by an angle . The dispersion relation for  = 0 and π/4
is shown in Fig. 2(b). The lower band has a flatness ratio of
f = bandgap/bandwidth ≈ 1.
Topological band structures are classified by considering
equivalence classes of models that can be continuously
deformed into each other without closing the energy gap [25].
Using this idea, we can demonstrate that our model with C = 2
is adiabatically equivalent to a system of two uncoupled copies
of a C = 1 layer (see the Appendix for details). The resulting
single-layer model can be described by a staggered flux pattern
and is reminiscent of the famous Haldane model [4], adapted to
the square lattice [6,16,42–46,54,55]. It is rather remarkable
that uniform dipole-dipole interactions give rise to a model
usually requiring strong modulations on the order of the lattice
spacing.
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IV. INFLUENCE OF DISORDER
An experimental initialization with a perfectly uniform
filling of one molecule per site is challenging. Consequently,
we analyze the stability of the topological band structure for
random samples with a nonzero probability ρ for an empty
lattice site. The determination of the Chern number for the
disordered system follows ideas from Refs. [56,57]. We start
with a finite geometry of L × L lattice sites and twisted
boundary conditions ψ(x + L,y) = eiθx ψ(x,y) and ψ(x,y +
L) = eiθy ψ(x,y) for the single-particle wave function. Next,
we randomly remove ρL2 lattice sites (dipoles). We are
interested in the Chern number of the lower “band,” composed
of the lowest Nl = L2(1 − ρ) states (there are 2Nl states in
total). To this end, we pretend to have a free fermionic system
at half filling whose many-body ground state  = (θx,θy) is
given by the Slater determinant of the lowest Nl states. Then,
the Chern number can be calculated as
C = 1
2π
∫∫
dθxdθy F (θx,θy), (10)
where F (θx,θy) = Im(〈 ∂∂θy | ∂∂θx 〉 − 〈 ∂∂θx | ∂∂θy 〉) is the many-body
Berry curvature depending on the boundary condition twists.
Note that Eq. (10) reduces to Eq. (9) in the translationally
invariant case. For the numerical computations, we use a
discretized version [58]. The results for the disordered system
are summarized in Fig. 3(a). We find that the long-range
tunneling stabilizes the topological phase for defect densities
ρ  0.45.
V. HONEYCOMB LATTICE
Returning to the simple setup in Fig. 1(b), the influence
of the lattice geometry can be exemplified by going to the
honeycomb lattice. Due to the two distinct sublattices, we
generally obtain four bands in the presence of broken time-
reversal symmetry. Depending on the microscopic parameters,
the bands exhibit a rich topological structure, characterized
by their Chern numbers. Note that the Chern numbers are
calculated with a numerical method similar to the one for the
disordered system. In Fig. 3(c), we show a two-dimensional
cut through the topological phase diagram, spanned by the
parameters t/¯t,w/¯t , and μ/¯t . We find a multitude of different
topological phases with large areas of flatness f > 0 for the
lowest band. A flatness f < 0 indicates that the maximum of
the lowest band is higher than the minimum of the second band.
In contrast to the square lattice, an energy splitting μ = 0 is
sufficient for a nonzero Chern number; t = 0 is not necessarily
needed. Figure 3(b) shows the dispersion relation with a lowest
band of flatness f ≈ 6.4 and a Chern number C = −1.
VI. DETECTION AND OUTLOOK
One way to detect the topological band structure experi-
mentally is to create a local excitation close to the edge of the
system. In Fig. 4 we show the edge states in the C = 2 phase
on the square lattice. The states are exponentially localized on
the boundary of the system and the propagation of a single
excitation along the edge can be used as an indication of the
topological nature of the bands [59]. In Fig. 4(c), we show
the robustness of the edge states against missing molecules.
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FIG. 4. (Color online) (a) Dispersion relation for the |+〉 and |1〉
states on a cylindrical square lattice geometry with infinite extent in
x direction and 31 sites in the y direction. Four edge states cross the
bandgap in the C = 2 phase (two for each edge). (b) Exponentially
decaying amplitude of the two edge states in logarithmic scale,
corresponding to the points shown in the spectrum. (c) Edge
state amplitude |ψ+(x,y)|2 + |ψ−(x,y)|2 on a finite 50 × 50 square
lattice with a filling fraction of 0.8 (missing sites are indicated by
crosses).
The edge state is also visible in a spectroscopic analysis, as a
single mode between the broad continuum of the two bands
[see Fig. 4(a)].
Finally, the most spectacular evidence of the topological
nature would be the appearance of fractional Chern insulators
in the interacting many-body system at a fixed density of
excitations. In our system, the hard-core constraint naturally
provides a strong on-site interaction for the bosons. In
addition, the remaining static dipolar interactions are a tunable
knob to control the interaction strength. The most promising
candidate for a hard-core bosonic fractional Chern insulator
in a band with C = 2 appears for a filling of ν = 2/3, as
suggested by numerical calculations [8,10,41], in agreement
with the general classification scheme for interacting bosonic
topological phases [60,61].
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APPENDIX A: MICROSCOPIC FORM
OF THE PARAMETERS
As described in the main text, in the presence of the static
electric field, we denote the lowest rotational states having
m = 0,±1 by |0〉 and |±〉, respectively. In addition, let |m = 2〉
be the lowest m = 2 state. A microwave with Rabi frequency
 ≡ 2Eac|〈m = 2|d+|+〉| and detuning  couples the states
|+〉 and |m = 2〉. For a large detuning  	 ,V , the number
of |+〉 (and |−〉) excitations is conserved. In the rotating frame,
within the rotating-wave approximation, the AC-dressed |+〉
state is given by
|+〉ac = (1 − 2/2)|+〉 − |m = 2〉 (A1)
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up to second order in  = /2. For sufficiently strong
electric fields, the states |0〉 and |−〉 are essentially unaffected
by the microwave.
To derive the parameters of the hopping Hamiltonian (3) in
the main text, we introduce the vacuum state |vac〉 = ∏k |0〉k
and the single-particle states |i,±〉 = b†i,±|vac〉. Then, the
hopping amplitudes are given by
t
αβ
ij = 〈i,α|H dd|j,β〉. (A2)
We set the spin-conserving term t±±ij = −t± · a3/|Rij |3 and
the spin-flip tunneling t−+ij = w e2iφij ·a3/|Rij |3 to get the final
expressions for the nearest-neighbor tunneling rates
t+ = κd
2
1
2a3
(1 − 2),
t− = κd
2
1
2a3
, (A3)
w = 3κd
2
1
2a3
(1 − 2/2),
with the transition dipole element d1 = |〈−|d−|0〉|. The
evaluation of the dipole matrix elements for finite electric
fields is straightforward and has been described in detail [62].
In the absence of other techniques to shift the energy, the
expression for the offset between the |+〉 and |−〉 state is given
by the AC Stark shift 2/4 ≡ 2μ.
Using the |+〉 and the |1〉 state (first excited m = 0 state),
the microwave field is no longer necessary, as the model
intrinsically breaks time-reversal symmetry. However, the
electric field has to be rotated away from the z axis to open a
gap in the spectrum. Let , denote the angles of the electric
field axis in a spherical coordinate system with the lattice in
the equatorial plane. Then, the dipole-dipole interaction can
be expressed as
H ddij =
κ
|Rij |3
[
f0(,φij − )
(
d0i d
0
j +
1
2
(d+i d−j + d−i d+j )
)
− 3√
2
(
f1(,φij − )
(
d0i d
−
j + d−i d0j
)+ H.c.)
− 3
2
(f2(,φij − ) d−i d−j + H.c.)
]
, (A4)
where
f0(,φ) = 1 − 3 sin2  cos2 φ ,
f1(,φ) = sin  cos φ(cos  cos φ + i sin φ), (A5)
f2(,φ) = (cos  cos φ + i sin φ)2.
For  = 0, the interaction reduces to expression (2) given in
the main text. For the tunneling rates we find
t++ij = −
κd21
2R3ij
f0(,φij − ),
t11ij =
κd20
R3ij
f0(,φij − ), (A6)
t1+ij =
3κd0d1√
2R3ij
f1(,φij − )
where d0 = |〈1|d0|0〉|. Note that t1+ij = 0 for  = 0, leading
to the gapless spectrum for an electric field perpendicular to
the lattice.
APPENDIX B: DOUBLE-LAYER PICTURE
Topological band structures can be classified by considering
equivalence classes of models that can be continuously
deformed into each other without closing the energy gap [25].
In particular, the Chern number of a single band can only
change if it touches another band. Using this idea, we show
that the model introduced in the main text in its C = 2 phase is
adiabatically equivalent to a system of two uncoupled copies
of a C = 1 layer.
To see this, imagine separating the two orbitals |+〉 and |−〉
per site spatially along the z direction (without changing any
tunneling rates) such that we obtain two separate square lattice
layers, called A and B. Sorting all terms in the Hamiltonian
into intra- and interlayer processes, we can write
H = HA + HB + λHAB, (B1)
where λ = 1. The choice of which orbital resides in layer
A (and B) can be made individually for each lattice site.
In any case, the resulting two layers will be interconnected
by an infinite number of tunneling links HAB. The idea is
to find a specific arrangement of the orbitals such that we
can continuously let λ −→ 0 without closing a gap in the
excitation spectrum, preserving the topological phase while
disentangling the layers.
Focusing on layer A (layer B being simply the comple-
ment), one possible arrangement is shown in Fig. 5(a). The
+ (−) orbitals are assigned to odd (even) columns along the
y direction. For the Chern number of such a single layer we
find C = 1, using methods analogous to the ones described in
the main text. The full system can be understood as two such
layers, shifted by one lattice site in the x direction. With a unit
cell twice the size of the original model, each layer contributes
to one half of the full Brillouin zone, effectively doubling the
Chern number to C = 2.
FIG. 5. (Color online) Hopping strengths and flux pattern of a
single layer in different lattices. Tunneling elements without arrow are
real numbers. Complex hoppings have the indicated strength along the
arrow and the complex conjugate in the opposite direction. (a) Square
lattice: A single layer can be constructed by stripes of one component
along one of the primitive vectors, effectively doubling the unit cell.
The second layer is given by a translation along the second primitive
vector. (b) Honeycomb lattice: By distributing the |+〉,|−〉 orbitals to
the two distinct sublattices it is possible to retain the symmetry of the
lattice. The second layer is given by a 60◦ rotation.
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The single-layer system has some interesting properties. In
Fig. 5(a) we show that it is possible to find a staggered magnetic
flux pattern which creates the same tunneling phases as the
dipole-dipole interaction, including tunneling up to the next-
to-nearest neighbor level. Using a site-dependent microwave
dressing, it has been shown that a model similar to our single-
layer system can be realized, giving rise to a ν = 1/2 fractional
Chern insulating phase [16,46].
On the honeycomb lattice, a single layer can be constructed
which retains the original symmetry of the lattice; see Fig. 5(b).
Here, the two bands of the single layer also have C = ±1 but
occupy the same Brillouin zone as the double layer system.
Consequently, the four bands of the full system are constructed
from the combination of two C = 1 and two C = −1
bands, giving rise to a multitude of different topological
phases.
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